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Abstract We present a theoretical study of the differential conductance of a finite-length armchair
single-wall carbon nanotube in the presence of electron–phonon interaction by employing a perturbative
approach. It is shown that the nonlinear conductance measurement can be regarded as a novel method
for detecting longitudinal optical phononmodes, which have non-negligible electron–phonon coupling in
a proper applied bias range. Furthermore, it is found that at high temperatures, differential conductance
depends on temperature, while this dependence is smeared out as temperature decreases.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
A Single-Wall Carbon Nanotube (SWCNT), a sheet of hon-
eycomb lattice that has been warped around a specific axis
to make a hollow cylinder, is a promising building block for
future nano-electronic technologies [1]. Depending on their
warping vector, a SWCNT shows metallic or semiconducting
properties [2]. A metallic SWCNT behaves as a long ballistic
conductor [3]. As any other conductor, Electron–Phonon In-
teraction (EPI) is supposed to be one of the main sources of
electrical resistance. This effect is even more important for
SWCNTs. Since themean electron-acoustical phonon scattering
length in SWCNTs is about a few micrometers [4], it is believed
that for not-so-long SWCNTs, only optical phonon modes alter
electronic transport. But, optical phonons generally have ener-
gies as high as 0.1–0.2 electron volts [5], and their generation,
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Open access under CC BY-NC-ND license.using suchhigh external bias voltages, breaks the ballistic trans-
port regime on SWCNTs.
Moreover, EPI has played a crucially portion of many inter-
esting electromechanical effects [6,7] and Joule heating [8] in
carbon nanotubes. Different aspects of EPI in carbon nanotubes
have been extensively investigated, both theoretically and ex-
perimentally [9].
In order to calculate the effects induced by EPI in carbon nan-
otubes, theorists have used several methods and techniques,
such as the semiclassical Boltzmann equation method [10],
Green’s function [11] and nonequilibrium Green’s function
[12,13] methods, each of which suffers from either inaccurate
results or complexity when obtaining numerical results.
On the other hand, working on the ballistic regime permits
physicists to benefit from simple methods in the investigation
of EPI effects on SWCNTs. This is the challenge of the present
article: ‘‘Is it possible to use the ballistic electron transport
theory for a specific problem that is related to EPI in SWCNTs?’’
Here, we show that results of experiments regarding phonon
spectroscopy [14] can be interpreted as an application of the
ballistic regime to the presence of EPI in SWCNTs. Indeed,
this paper studies the effects of nonelastic electron–phonon
scattering on the nonlinear conductivity of a finite-length
metallic SWCNT, in the context of a perturbative schemewithin
the ballistic transport theory. It is shown that if the distances
between minimal energies of quantum modes are comparable
with characteristic phonon energies, there are fine quantum
structures in the current–voltage characteristics of SWCNTs.
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smoothly connects two massive metallic reservoirs. The conductance of this
system divides two parts: two end-parts and the central part. The nanotube
conductance is considered the central part.
2. Model and method
Consider an armchair SWCNT that is laid on two bulkmetals,
as depicted in Figure 1. A voltage, V , is applied between the
metals in such away that eV ≪ EF , where EF is the Fermi energy
of electrons in the nanotube. If the length of the nanotube
is much larger than its radius, one can neglect the effects of
the open ends of the nanotube on electrical resistance [15].
Moreover, due to a rapid decay of the contact electric field
with in the nanotube [12], the energy of a passing electron only
depends on the sign of the electron’s velocity along the contact
axis [16]. In this case,we can treat the nanotube as amesoscopic
system. The total Hamiltonian of the system can be described in
a general form, as follows:
H = He + Hph + Hint + H1, (1)
where He and HPh are the Bloch electrons and phonons Hamil-
tonians, respectively, Hint is the contribution of the elec-
tron–phonon coupling, and H1, is due to applying bias voltage.
By expanding the Hamiltonian in Eq. (1) in the second quanti-
zation formalism, we have:
H =

k
εka
Ď
kak +

q,v
h¯ωq,vbĎq,vbq,v
+

k,k′,q,p,p′,v
gvk,p;k′,p′a
Ď
k,pak′,p′

bĎ−q,v + bq,v

+ eV
2

k
Sign(ukz )a
Ď
kak, (2)
where ak(a
Ď
k) is an operator that creates (annihilates) an elec-
tron with wave vector k at energy εk, bq(b
Ď
q) is an operator that
creates (annihilates) a phonon with wave vector q at energy
h¯ωq,v and branch index v, uz is the electron velocity along the
nanotube and gvk,p,k′,p′ represents the matrix elements of elec-
tron–phonon interaction. The indices p, p′ = 1, 2 indicate that
the electron situates in the LOMOorHOMOband. In order to cal-
culate εk, the energy of the Bloch electrons, we employ the first
neighbor tight-bindingmethod for the graphene sheet and then
a zone-folding approximation along the nanotube axis [17].
We apply the energy dissipation method to investigate the
effects of electron–phonon coupling on differential conduc-
tance of armchair SWCNTs [18]. Change in the electron current,
1I , is related to the rate of energy dissipation by:
1IV = dE
dt
= d ⟨H1⟩
dt
. (3)
Differentiating ⟨H1⟩ over time t , we obtain the equation for1I ,
the change of the current, as a result of the interaction of the
electron with phonons:
1IV = 1
ih¯
⟨[H1(t),Hint(t)]⟩ , (4)
where:
⟨O⟩ = ⟨Tr(ρ(t)O)⟩ . (5)All operators are in the interaction representation. The statisti-
cal operator ρ(t) complies with the following equation:
ih¯
∂ρ
∂t
= [Hint(t), ρ(t)] . (6)
Assuming EPI for not very long SWCNTs, in comparison with
electron–phonon scattering length, has no significant effects on
changing the ballistic current in SWCNTs, the change in electric
current due to electron–phonon coupling can be determined
using the perturbation theory:
1I = 1I1 +1I2 + · · ·
= 1
h¯2 V
 t
−∞
dt ′Tr(ρ0[[H1,Hint(t)],Hint(t ′)])+ · · · , (7)
whereρ0 is the density operator. The first-order correction,1I1,
in Eq. (5) is given by:
1I1 = − eh¯

v,p,p′

k,k′,q
gvk,p;k′,p′ 2 Sign(uzk)− Sign(uzk′ )
× δ(εk′,p′ − εk,p − h¯ωq,v)
× (Nq,v(fk − fk′)+ fk(1− fk′)). (8)
Here, Nq,v is the Bose–Einstein distribution function and fk =
fF .D(EF − εk + eV/2 sign(uz)) represents the Fermi–Dirac dis-
tribution function. Since the Fermi velocity of electrons in NTs
is approximately equal to 8 × 105 (m/s) [19] and this ve-
locity is roughly equivalent to twenty thousand Kelvin, the
Fermi–Dirac distribution function is almost a step function at
room temperature (T = 300 (°K)). By choosing EF = 0, the
Fermi energy level is considered the reference of energy, hence
the electron energy is calculated to this level. By differentiating
Eq. (8) over the voltage, we would see the differential conduc-
tance changing, due to the presence of electron–phonon inter-
action,1G1 = d1I1/dV :
1G1 = −πG02

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
k,k′,q
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×

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
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EF − εk + ev2 sign(uzk)

− sign(uzk′ )δ
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EF − εk′ + ev2 sign(uzk′ )

+ sign(uzk)δ

EF − εk + ev2 sign(uzk)

×

1− θ
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EF − εk′ + ev2 sign(uzk′ )
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− sign(uzk′ )δ

EF − εk′ + ev2 sign(uzk′ )

× θ

EF − εk + ev2 sign(uzk)

, (9)
where G0 is the quantum of conductance.
3. Phonon modes and electron–phonon matrix elements
Wehave calculated the phonon energies and their eigenvec-
tors within the force-constant model [5] for infinite nanotube
length. As a result, the phonon dispersion relations are shown
in Figure 2. The bold curves in Figure 2(a) indicate the longi-
tudinal optical phonon modes: eighteen modes with two-fold
degeneracy and three modes that are non-degenerate. As any
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(b) bold branches represent the longitudinal optical phonon modes that have non-negligible EPC.other nanotube, there are four acoustical phonon modes and
other optical phonon modes originate from a combination of
both transversal and radial atomic displacements (the unbold
curves in Figure 2(a) and (b)).
We begin by studying the effects of electron–phononmatrix
elements on tight-binding approximation [20,21]. Although
the electron–phonon coupling computations demonstrate that
LA, TA, LO, TO modes have strong coupling, there are
other longitudinal optical modes which have non-negligible
contributions to total Electron–Phonon Coupling (EPC).
Calculations of the EPC matrix show that of twenty one
longitudinal optical modes (Figure 2(a) bold curves), only
seven modes participate in the EPC (Figure 2(b) bold curves).
These non-negligible matrix elements arise from the periodic
condition on Us,p, which is a matrix that diagonalizes the
electron–phononHamiltonian after Fourier decomposition, and
s indicates the position, ds, of an atom within the unit cell [20].
Ui,p(k) = Ui+4,p(k), p = 1, 2. (10)
After all the following relations for EPC are obtained:
g1k,1,k′,2 = i2
√
3qL J0αei(k−k
′)

h¯
2Lµωk−k′,v
× sin((k+ k′)/4a0) cos((k− k′)/4a0)δk′,k−q, (11)
and:
g2k,1,k′,2 = i2
√
3qL J0αei(k−k
′)

h¯
2Lµωk−k′,v
× cos((k+ k′)/4a0) sin((k− k′)/4a0)δk′,k−q, (12)
where α = 1 or 1/10 or 1/20 is the power coupling,
which is determined by the periodic condition on Us,p. qL =
8.643 (nm−1), J0 = 2.7 (eV) is overlap integral, a0 =
0.246 (nm) is the lattice constant and L is the length of the car-
bon nanotube, µ = 4mC/a0. This model forbids the scattering
process when the final electron state belongs to the same sub-
bands. Furthermore, g1k,1,k′,2 and g
2
k,1,k′,2 impose that the most
likely EPC occurs near the Γ and K points, respectively. There-
fore, the highest energy longitudinal phonon mode, which iscalled the LOmode (the seventh bold curve in Figure 2(b)), has
the strongest EPC, and its electron–phononmatrix elements are
present in Eq. (11) with α = 1. The other modes have a much
weaker EPC than the LO mode. Moreover, the EPC near the Γ
point in longitudinal phonon mode is stronger than that near
the K point.
In the next section, we will discuss the results of applying
this theoretical model to computing differential conductance.
Our calculations will only treat longitudinal optical modes.
4. Results and discussion
The differential conductance of an armchair (10, 10) SWNT
is calculated, using Eqs. (9), (11) and (12) at temperature T =
290 (°K), L = 200T⃗ and L = 250T⃗ (T⃗ is the SWCNT translation
vector). Nanotube length is plotted versus bias voltage in
Figure 3. As seen, the differential conductance near the defined
bias voltage has dramatically changed. By considering our
mechanism for measuring differential conductance, we can
deduce that these peaks predict the bias that must be applied
to the nanotube to excite electron scattering from a particular
phonon mode.
When the electrical field is imposed, an electron near the
Fermi surface starts accelerating along the nanotube axis.
Then, the electron interacts with a set of optical phonons. The
change in electrical current, due to the presence of EPC, is
divided into two terms; the first is proportional to the thermal
phonons occupation factor and has a trivial effect on differential
conductance at room temperature. The following term, fk(1 −
fk′), has a prominent contribution to altering the electrical
current. This term, with additional energy and momentum
conservation, implies that when the electron energy reaches
the threshold energy to emit a phonon, it will scatter into an
unoccupied state [22]. On account of the fact that the energy
and momentum of a finite nanotube is quantized, the number
of the allowed states will be limited by the Born and Von-
Karman condition. As a result, when the bias voltage satisfies
all conditions for a possibility of electron–phonon interaction,
the conductance has considerable value, otherwise, it has zero
value.
1612 P. Ayria, A. Namiranian / Scientia Iranica, Transactions F: Nanotechnology 18 (2011) 1609–1613Figure 3: The differential conductance versus bias voltage for an armchair carbon nanotube at T = 290 (°K) and L = 200T⃗ (Figure 3(a) and (b)) and L = 250T⃗
(Figure 3(c) and (d)). Every peak indicates the determined phonon modes which have non-n egligible EPC. The dominant peak refers to LO mode. In order to clarify
small peaks, Figure 3(a) and (b) are magnified in Figure 3(c) and (d), respectively.It is seen from Figure 3 that there is no peak at very low bias
voltage. This issue confirms that we do not expect to detect EPC
at these voltages, as the electron does not have enough energy
to scatter optical phonon modes. The two principal peaks, as
seen in Figure 3(a) and (c), refer to the LO mode, which is a sig-
nificant source of reducing differential conductance. The initial
peak, shown in Figure 3(d) for L = 250T⃗ , corresponds to the
second mode (Figure 2(b)), which has non-vanishing ECP, and
the third peak belongs to the fifthmode. Since thesemodes have
veryweak EPC, one can expect that the effects of thesemodes on
differential conductance are absolutely small. Although these
effects are very small, our results show that the effects of these
modes on differential conductance for finite-length nanotubes
can be detected by measuring the differential conductance, as
when the EPC occurs, the differential conductance has a non-
negligible value, otherwise, it has zero value. Moreover, the
first and second modes do not take part in the change of dif-
ferential conductance, and the fourth mode has an inapprecia-
ble influence on it. Since the energy and momentum of both
electrons and phonons are discrete, it can be anticipated that
some phonon branches which have non-negligible EPC do not
play anypart in differential conductance. In addition, our results
show that one phonon mode can have more than one peak. Be-
sides, as energy andmomentum are quantized, a phononmode
with lower energy provokes a phonon mode with higher en-
ergy. Comparison of the differential conductance of nanotubes
with various lengths shows that increasing nanotube length de-
creases differential conductance.
Temperature would be a major parameter for differential
conductance [23]. The differential conductance versus temper-
ature is plotted in Figure 4 for a (10, 10) armchair nanotubewith L = 200T⃗ . Figure 4(a) and (b) are in accordance with
LO at bias voltage 0.02 (V) and second mode at bias voltage
0.01 (V), respectively, which has contributed to EPC. Although
near zero temperature the phonon modes cannot be stimu-
lated by thermal energy, the electron can only be scattered by
emitting a phonon, which is the main cause of having non-zero
EPC, and which leads to a decrease in differential conductance.
Our results also show that varying temperature has more ef-
fect on phononmodeswith lower energies. Furthermore, at low
temperatures, the differential conductance does not depend
on temperature. At high temperatures, however, differential
conductance obviously increases with increasing temperature,
as now the thermal phonons are excited and EPC with these
phonons has started. These theoretical values for the differen-
tial conductance are in reasonable agreement with experimen-
tal achievements [10,14]. The difference could stem from using
the perturbation theory tomodel the effect of electron–phonon
coupling on differential conductance, and all scattering mecha-
nisms are not considered.
5. Conclusions
In conclusion, the effect of EPC on the differential conduc-
tance of a finite-length armchair single-wall carbon nanotube is
studied by a novel theoretical approach that establishes a new
method for accurately detecting phonon modes. Our results re-
veal that all longitudinal opticalmodes that have non-negligible
EPC can be identified by applying the appropriate bias to the
nanotube and choosing an appropriate nanotube length.
Furthermore, our results show that at low temperatures,
electron–phonon scattering is possible and the prime process
P. Ayria, A. Namiranian / Scientia Iranica, Transactions F: Nanotechnology 18 (2011) 1609–1613 1613Figure 4: The differential conductance versus temperature for a (10, 10) carbon
nanotube at L = 200T⃗ . Figure 4(a) appropriates LO mode and Figure 4(b)
appropriates second mode.
emits a phonon. At this temperature, differential conductance
does not depend on temperature, while at high temperatures,
differential conductance begins to increase by absorbing and
emitting phonons.
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